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Abstract
We study the integrability and equivalence of a generalized Heisen-
berg ferromagnet-type equation (GHFE). The different forms of this
equation as well as its reduction are presented. The Lax representation
(LR) of the equation is obtained. We observe that the geometrical and
gauge equivalent counterpart of the GHFE is the modified Camassa-
Holm equation (mCHE) with an arbitrary parameter κ. Finally, the
1-soliton solution of the GHFE is obtained.
1 Introduction
This work continues our research of Lax-integrable (i.e., admitting Lax pairs
with non-vanishing spectral parameter) generalized Heisenberg ferromagnet
type equations in 1+1 dimensions related with Camassa-Holm type equa-
tions (see, e.g., [1]-[4] and the references therein). In the theory of integrable
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systems (soliton theory) an important role plays the so-called gauge and
geometrical equivalence between two integrable equations. The well-known
classical example such equivalences is the (gauge and geometrical) equiva-
lence between the Heisenberg ferromagnet equation (HFE)
iAt +
1
2
[A,Axx] = 0 (1)
and the nonlinear Schro¨dinger equation (NLSE)
iqt + qxx + 2|q|
2q = 0, (2)
where q is a complex function and
A =
(
A3 A
−
A+ −A3
)
, A2 = I, A = (A1, A2, A3), A
2 = 1. (3)
In this paper, we study the Generalized Heisenberg ferromagnet - type
equation (GHFE), namely, the so-called M-CXII equation (M-CXIIE) and
its relation with the modified Camassa-Holm equation (mCHE)
mt + (m(u
2 − u2x))x + κux = 0, (4)
m− u+ uxx = 0, (5)
where u = u(x, t) is a real-valued function, κ = const. The mCHE (4)-(5) was
proposed by Fuchssteiner [5] and Olver and Rosenau [6]. It was obtained from
the two-dimensional Euler equations, where the variables u(x, t) and m(x, t)
represent, respectively, the velocity of the fluid and its potential density [7].
Some properties of the mCHE and other related equations were studied in
[8] - [25].
This paper is organized as follows. In Section 2, we give the M-CXIIE,
its different forms, its Lax representation (LR) and a reduction. Geometric
formulation of this equation in terms of space and plane curves is presented
in Section 3. Using this geometric formalism, the geometrical equivalence
between the M-CXIIE and the mCHE is established. Section 4 is devoted
to the mCHE. Gauge equivalence between the M-CXIIE and the mCHE and
the relation between their solutions we have established in Section 5. The
1-soliton solution of the M-CXIIE is obtained in Section 6. We discuss and
conclude our results in Section 7.
2
2 The generalized Heisenberg ferromagnet type
equation
2.1 Equation
There are exist several integrable and nonintegrable GHFE (see, e.g., [26]-
[60]). In this paper, we consider one of such GHFE, namely, the so-called
M-CXIIE. This equation has the form
[A,Axt] + (φ[A,Ax])x +
κux
m
[A,Ax] +
4α0
β2
Ax = 0, (6)
where φ = u2 − u2x and
A =
(
A3 A
−
A+ −A3
)
, A2 = I, A = (A1, A2, A3), A
2 = 1. (7)
We can also write the M-CXIIE in the following form
Axt + φAxx + v1A + v2Ax +
α0
β2
[A,Ax] = 0, (8)
where
v1 = 0.5{At, Ax}+ φA
2
x = −2umI, v2 = φx +
κux
m
. (9)
Finally let us present the vector form of the M-CXIIE. It reads as
Axt + φAxx + v1A+ v2Ax +
α0
β2
A ∧Ax = 0. (10)
2.2 Lax representation
The M-CXIIE (6) is integrable. Its LR is given by
Φx = U1Φ, (11)
Φt = V1Φ, (12)
where
U1 =
α0 − α
2
A +
λ− β
4β
[A,Ax], (13)
V1 = (ω − ω0)A+ {
(λ− β)u
2mβ2λ
−
(λ− β)φ
4β
}[A,Ax] +
ux(αβ − α0λ)
β2λm
(14)
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or
U1 =
α0 − α
2
A+
λ− β
4β
[A,Ax], (15)
V1 = (ω − ω0)A +
(λ− β)
4β
{
2u
mβλ
− φ}[A,Ax] +
ux
βm
{
α
λ
−
α0
β
}Ax.(16)
Here β = const, α0 = α|λ=β, α =
√
1− 1
2
κλ2, ω0 = ω|λ=β,
ω = αλ−2 + 0.5αφ, u = ±β−1(1− ∂2x)
−1
√
0.5tr(Ax)2 (17)
and
φ = u2 − u2x, m = ±β
−1
√
0.5tr(Ax)2 = u− uxx = (1− ∂
2
x)u. (18)
2.3 Reductions
The M-CXIIE admits some reductions. For example in the case κ = 0, the
M-CXIIE reduces to the so-called M-CXIE having the form [20]
[A,Axt] + (φ[A,Ax])x +
4
β2
Ax = 0. (19)
This integrable GHFE was studied in [20]. Its LR is given by
Φx = U2Φ, (20)
Φt = V2Φ, (21)
where (z = φ+ λ2, z0 = φ+ β
−2) and
U2 =
λ− β
4β
[A,Ax], (22)
V2 = (z − z0)A+ {
(λ− β)u
2mβ2λ
−
(λ− β)φ
4β
}[A,Ax] +
ux(β − λ)
β2λm
Ax. (23)
3 Integrable motion of curves induced by the
M-CXIIE
The aim of this section is to present the geometric formulation of the M-
CXIIE in terms of curves and to find its geometrical equivalent counterpart.
4
3.1 Integrable motion of space curves
We start from the differential geometry of space curves. In this subsection,
we consider the integrable motion of space curves induced by the M-CXIIE.
As usual, let us consider a smooth space curve γ(x, t) : [0, X ]× [0, T ] → R3
in R3. Let x is the arc length of the curve at each time t. In differential
language, such curve is given by the Frenet-Serret equation (FSE). The FSE
and its temporal counterpart look like
 e1e2
e3


x
= C

 e1e2
e3

 ,

 e1e2
e3


t
= G

 e1e2
e3

 , (24)
where ej are the unit tangent vector (j = 1), principal normal vector (j = 2)
and binormal vector (j = 3) which given by e1 = γx, e2 =
γxx
|γxx|
, e3 =
e1 ∧ e2, respectively. Here
C =

 0 κ1 κ2−κ1 0 τ
−κ2 −τ 0

 = −τL1 + κ2L2 − κ1L3 ∈ so(3), (25)
G =

 0 ω3 ω2−ω3 0 ω1
−ω2 −ω1 0

 = −ω1L1 + ω2L2 − ω3L3 ∈ so(3), (26)
where τ , κ1, κ2 are the ”torsion”, ”geodesic curvature” and ”normal curva-
ture” of the curve, respectively; ωj are some functions. Note that Lj are
basis elements of so(3) algebra and have the forms
L1 =

 0 0 00 0 −1
0 1 0

 , L2 =

 0 0 10 0 0
−1 0 0

 , L3 =

 0 −1 01 0 0
0 0 0

 . (27)
They satisfy the following commutation relations
[L1, L2] = L3, [L2, L3] = L1, [L3, L1] = L2. (28)
In the following, we need also in the basis elements of su(2) algebra. They
have the forms
e1 =
1
2i
(
0 1
1 0
)
, e2 =
1
2i
(
0 −i
i 0
)
, e3 =
1
2i
(
1 0
0 −1
)
, (29)
where the Pauli matrices have the form
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (30)
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These elements satisfy the following commutation relations
[e1, e2] = e3, [e2, e3] = e1, [e3, e1] = e2. (31)
Note that the Pauli matrices obey the following commutation relations
[σ1, σ2] = 2iσ3, [σ2, σ3] = 2iσ1, [σ3, σ1] = 2iσ2 (32)
or
[σi, σj] = 2iǫijkσk. (33)
The well-known isomorphism between the Lie algebras su(2) and so(3) means
the following correspondence between their basis elements Lj ↔ ej . Using
this isomorphism let us construct the following two matrices
U = −τe1 + κ2e2 − κ1e3 = −
1
2i
(
κ1 τ + iκ2
τ − iκ2 −κ1
)
=
(
u11 u12
u21 −u11
)
,(34)
V = −ω1e1 + ω2e2 − ω3e3 = −
1
2i
(
ω3 ω1 + iω2
ω1 − iω2 −ω3
)
=
(
v11 v12
v21 −v11
)
.(35)
Hence we obtain
κ1 = −2iu11, κ2 = −(u12 − u21), τ = −i(u12 + u21), (36)
ω1 = −i(v12 + v21), ω2 = −(v12 − v21), ω3 = −2iv11. (37)
The compatibility condition of the equations (24) reads as
Ct −Gx + [C,G] = Ut − Vx + [U, V ] = 0 (38)
or in elements
κ1t − ω3x − κ2ω1 + τω2 = 0, (39)
κ2t − ω2x + κ1ω1 − τω3 = 0, (40)
τt − ω1x − κ1ω2 + κ2ω3 = 0. (41)
We now assume that
κ1 = iα, κ2 = −λm, τ = 0 (42)
and
ω1 = −
iαux
λ
, (43)
ω2 =
u
λ
+ λm(u2 − u2x), (44)
ω3 = −2iα[λ
−2 + 0.5(u2 − u2x)]. (45)
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Then it is not difficult to verify that Eqs.(39)-(41) give us the following
equations for m, u:
mt + (m(u
2 − u2x))x + κux = 0, (46)
m− u+ uxx = 0. (47)
It is nothing but the mCHE. So, we have proved that the Lakshmanan (ge-
ometrical) equivalent of the M-CXIIE is the mCHE. Finally we note that as
follows from (42), the corresponding space curve is with the zero torsion but
with the constant geodesic curvature.
3.2 Integrable motions of plane curves
For the mCHE and that same for its equivalent counterpart - the M-CXIIE,
more naturally corresponds the plane curves than the space curves. For that
reason in this subsection, let us consider an integrable motions of plane curves
induced by the M-CXIIE. In this case, Eqs.(24) take the following form(
e1
e2
)
x
= C
(
e1
e2
)
,
(
e1
e2
)
t
= G
(
e1
e2
)
, (48)
where
C =
(
0 κ1
−κ1 0
)
, G =
(
0 ω3
−ω3 0
)
. (49)
At the same time, Eqs.(39)-(41) become
κ1t − ω3x = 0. (50)
We now assume that
κ1 = r, ω3 = −r(u
2 − u2x), (51)
where
r =
√
(u− uxx)2 + 0.5k. (52)
Finally Eq.(50) gives
rt + [r(u
2 − u2x)]x = 0. (53)
It is nothing but the mCHE in the conservation law form [21]-[22]. So, again
we have proved that the equivalent counterpart of the M-CXIIE (6) is the
mCHE (53). Note that in this case, the curve has the zero torsion and normal
curvature.
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4 Modified Camassa-Holm equation
In the previous section, we have proved that the geometrical equivalent of
the M-CXIIE is the well-known mCHE. In this section, we give some main
informations on the mCHE. The mCHE has the form
mt + (m(u
2 − u2x))x + κux = 0, (54)
m− u+ uxx = 0. (55)
The mCHE can be rewritten in the conservation law form as [21]-[22]
rt + [r(u
2 − u2x)]x = 0, (56)
r −
√
(u− uxx)2 + σ2 = 0, (57)
where 2σ2 = κ. As well-known, the mCHE is an integrable nonlinear partial
differential equation. Its LR read as [15]-[16]
Ψx = U3Ψ, (58)
Ψt = V3Ψ, (59)
where
U3 =
1
2
(
−α λm(x, t)
−λm(x, t) α
)
, (60)
V3 =
(
α
λ2
+ α
2
(u2 − u2x) −
u−αux
λ
− 1
2
λ(u2 − u2x)m
u+αux
λ
+ 1
2
λ(u2 − u2x)m −
α
λ2
− α
2
(u2 − u2x)
)
(61)
with
α =
√
1−
1
2
κλ2, φ = u2 − u2x. (62)
Note that
V3 = −φU3 + V
′
2 = −φU +
(
α
λ2
−u−αux
λ
u+αux
λ
− α
λ2
)
. (63)
The compatibility condition
U3t − V3x + [U3, V3] = 0 (64)
gives the mCHE (54)-(55). In fact, we have
λ : mt + (mφ)x + κux = 0, (65)
α
λ
: m = u− uxx. (66)
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Note that the mCHE admits at least one reduction. Let κ = 0, then the
mCHE takes the form
mt + (m(u
2 − u2x))x = 0, (67)
m− u+ uxx = 0. (68)
Its LR is given by [15]-[16]
Zx = U4Z, (69)
Zt = V4Z, (70)
where
U4 =
1
2
(
−1 λm(x, t)
−λm(x, t) 1
)
, (71)
V4 =
(
1
λ2
+ 1
2
(u2 − u2x) −
u−ux
λ
− 1
2
λ(u2 − u2x)m
u+ux
λ
+ 1
2
λ(u2 − u2x)m −
1
λ2
− 1
2
(u2 − u2x)
)
. (72)
5 Gauge equivalence between the mCHE and
the M-CXIIE
The M-CXIIE (6) is gauge equivalent to the mCHE (54)-(55). In fact, let us
consider the gauge transformation
Φ = g−1Ψ, (73)
where g = Ψ|λ=β. Then the relation between the Lax pairs U1 − V1 and
U3 − V3 is given by
U1 = g
−1U3g − g
−1gx, V1 = g
−1V3g − g
−1gt. (74)
In the case κ = 0, the gauge equivalence between the M-CXIE and the
mCHE was established in [20]. The gauge equivalence between the mCHE
and the M-CXIIE induces some important relations between solutions of
these equations. Here we present some of them. For example, it can be
shown that the solutions A and m is related by the formula
tr(Ax)
2 = 2A2x = 2(A
2
1x + A
2
2x + A
2
3x) = 2β
2m2 (75)
or
A2x = A
2
1x + A
2
2x + A
2
3x = β
2m2. (76)
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Consider the angle parametrization of the spin vector
A+ = sin θeiϕ, A3 = cos θ. (77)
Then from (25) we obtain
A2x = θ
2
x + ϕ
2
x sin
2 θ = β2m2. (78)
We can consider the following two particular cases: θ = const and ϕ = const.
In this paper we consider the case ϕ = const and assume that β ∈ R. Then
Eq.(76) takes the form
A2x = θ
2
x = β
2m2 (79)
so that
θx = ±βm. (80)
We now return to the mCHE (54)-(55). In terms of θ it takes the form
θxt + ((u
2 − u2x)θx)x ± βκux = 0, (81)
m− u+ uxx = 0 (82)
or
θt + (u
2 − u2x)θx ± βκu = c, (83)
θx ∓ β(u− uxx) = 0. (84)
6 Soliton solutions of the M-CXIIE
As the integrable equation, the M-CXIIE has all ingredients of integrable
systems like LR, conservation laws, bi-Hamiltonian structure, soliton solu-
tions and so on. In particular, it admits the peakon solutions. Here let us
present a one peakon solution of the M-CXIIE. To construct this 1-peakon
solution, we use the corresponding 1-peakon solution of the mCHE [?].
A = g−1σ3g =
(
A3 A
−
A+ −A3
)
, (85)
where
g =
(
g1 −g¯2
g2 g¯1
)
, g−1 =
1
∆
(
g¯1 g¯2
−g2 g1
)
, ∆ = |g1|
2 + |g2|
2. (86)
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As result we obtain the following formulas for the components of the spin
matrix:
A+ = −
2g1g2
|g1|2 + |g2|2
, A3 =
|g1|
2 − |g2|
2
|g1|2 + |g2|2
. (87)
To construct the 1-soliton solution of the M-CXIIE, we consider the following
seed solution of the mCHE
u = 0. (88)
Then the equations (58)-(59) have the solutions
g1 = a1e
−θ, g2 = a2e
θ, (89)
where aj are complex constants and
θ =
α0
2
x−
α0
β2
, aj = |aj |e
iδj , δj = consts. (90)
Thus the 1-soliton solution of the M-CXIIE has the form
A+ = −
ei(δ1+δ2)
cosh(δ − θ)
, A3 = tanh(δ − θ), (91)
where δ = ln |a1
a2
|.
7 Conclusion
In the paper, one of the GHFE, namely, the M-CXIIE is investigated. The
different forms of this equation and its reduction are given. Its LR is pre-
sented. The geometric formulation of this equation is presented. It is also
shown that this equation is geometrical and gauge equivalent to the mCHE.
Finally we note that it is interesting to investigate the surface geometry of
the M-CXXIIE and the mCHE [26]-[62]. The M-CXIIE seemingly admits
not only soliton but also peakon type solutions. It will be interesting to
study the properties of the M-CXIIE and other integrable GHFE related
with Camassa-Holm type equations in more detail elsewhere.
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